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SMOOTH DUALITY AND CO-CONTRA CORRESPONDENCE
LEONID POSITSELSKI
Abstract. The aim of this paper is to explain how to get a complex of smooth
representations out of the dual vector space to a smooth representation of a p-adic
Lie group, in natural characteristic. The construction does not depend on any
finiteness/admissibility assumptions. The paper can serve as an introduction to the
results about representations of locally profinite groups contained in the author’s
monograph on semi-infinite homological algebra [6].
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Introduction
0.1. Dualizing modules produces modules. If M is an B-A-bimodule and V is
a left B-module, then the group of all B-linear maps HomB(M,V ) is naturally a
left A-module. When the ring A is isomorphic to its opposite ring Aop (say, A is
commutative or endowed with a Hopf algebra antipode), this means that we started
from a right A-module and came back to a right A-module.
The situation gets more complicated when one starts from a module of a particu-
lar class, like a torsion, discrete, or smooth module, and wants to obtain a module
from the same class after the dualization. If M is a torsion abelian group, then the
Pontryagin dual group M∨ = HomZ(M,Q/Z) is no longer torsion, generally speak-
ing. There is, however, a covariant derived functor producing a two-term complex
of torsion abelian groups out of the group M∨ (see, e. g., [10, Sections 1.4–1.6] and
the introduction to [12]). This construction does not depend on the topology on the
group M∨, but only on its abelian group structure.
The general philosophy is that dualizing comodules produces contramodules, and
one can get back from a contramodule to a complex of comodules using the derived
comodule-contramodule correspondence constructions [6, 7]. Various kinds of torsion,
discrete, or smooth modules are viewed as species of comodules, in one or another
sense [10, Sections 0.1–0.2]. Oversimplifying matters a bit, one can say that for
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every abelian category of torsion, discrete, or smooth modules there is a much less
familiar, but no less interesting, related abelian category of contramodules. To be
more careful, one has to distinguish between left and right co/contramodules.
In the simplest example of the coalgebra C dual to the algebra C∨ = k[[t]] of formal
power series in one variable over a field k, the C-comodules are just the k[t]-modules
with a locally nilpotent action of t. The C-contramodules also form a full subcategory
in k[t]-modules; it is described in [6, Section A.1.1] or [10, Sections 1.3 and 1.5–1.6].
For any coalgebra C over a field k, the dual vector space N∨ to a right C-comodule
N is a left C-contramodule. So is the vector space Homk(N, V ) for an arbitrary
k-vector space V . Applying the co-contra correspondence, one obtains a nonpos-
itively cohomologically graded complex of left C-comodules LΦC(Homk(N, V )) out
of Homk(N, V ); in particular, the complex LΦC(N
∨). In the case of C∨ = k[[t]], this
will be a two-term complex; in the case of C∨ = k[[t1, . . . , tn]], an (n+1)-term complex.
When n =∞, it will be sometimes an acyclic complex! (See [6, Sections 0.2.6–0.2.7].)
0.2. In this paper, we are interested in representations of locally profinite groups G.
To a profinite group H and a field k, one assigns the coalgebra C = k(H) of lo-
cally constant k-valued functions on H . Discrete H-modules over k are then the
same thing as C-comodules. To a locally profinite group G with a compact open
subgroup H ⊂ G, one assigns a C-semialgebra S = k(G) of compactly supported
locally constant functions on G. Smooth G-modules over k are the same thing as
S-semimodules [6, Section E.1], [10, Example 2.6].
More specifically, a C-semialgebra is an associative algebra object in the tensor
category of C-C-bicomodules with respect to the cotensor product operation C. In
other words, a semialgebra S over C is a C-C-bicomodule endowed with a semimul-
tiplication morphism S C S −→ S and a semiunit morphism C −→ S satisfying the
conventional axioms. In particular, given a locally profinite group G with a compact
open subgroup H , one can decompose the multiplication map G×G −→ G into the
composition G × G −→ G ×H G −→ G, where G ×H G is the quotient of G × G
by the equivalence relation (g′h, g′′) ∼ (g′, hg′′), where g′, g′′ ∈ G and h ∈ H . Then
the pullback of compactly supported locally constant functions with respect to the
quotient map G×G −→ G×H G identifies k(G×H G) with SC S ⊂ S⊗k S, and the
pushforward of such functions with respect to the multiplication map G×H G −→ G
provides the semimultiplication morphism S C S −→ S.
0.3. The opposite category to the category of k-vector spaces is identified with
the category of linearly compact or pseudo-compact topological vector spaces. The
identification is provided by the functor assigning to a vector space V is dual vector
space V ∨; the inverse functor assigns to a topological vector spaceW the vector space
of all continuous linear functions W −→ k. Similarly, the opposite category to the
category comod–C of right comodules over a coalgebra C is identified with the category
C∨–pscomp of pseudo-compact left modules over the pseudo-compact algebra C∨. In
particular, when C = k(H) for a profinite group H , one has
C∨ = k[[H ]] = lim
←−U⊂H
k[H/U ],
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where the projective limit of the group algebras k[H/U ] is taken over all the open
normal subgroups U ⊂ H .
One can also consider the conventional category of left modules C∨–mod over the
algebra C∨ (viewed as an abstract k-algebra with the topology forgotten). Then there
is the forgetful (or in other terms, the dualization) functor
(comod–C)op ≃ C∨–pscomp −−→ C∨–mod,
which can be also constructed as the composition
(comod–C)op = (discr–C∨)op −−→ (mod–C∨)op −−→ C∨–mod
of the fully faithful embedding of comod–C as the full subcategory of discrete right
modules in mod–C∨ and the dualization functor N 7−→ N∨ : (mod–C∨) −→ C∨–mod.
The category of left C-contramodules C–contra stands “in between” the category
of pseudo-compact left C∨-modules C∨–pscomp and the category of abstract left
C∨-modules C∨–mod. In other words, the forgetful functor C∨–pscomp −→ C∨–mod
factorizes naturally into the composition
C∨–pscomp −−→ C–contra −−→ C∨–mod.
All the three categories C∨–pscomp, C–contra, and C∨–mod are abelian, and both
the natural (forgetful) functors between them are exact.
A C-contramodule does not remember the topology of a pseudo-compact C∨-mod-
ule; still it carries more structure than that of an abstract C∨-module. This interme-
diate structure is that of infinite summation operations with zero-converging families
of coefficients in C∨ [10, Sections 1.1, 2.1, and 2.3]. Sometimes (e. g., when C∨ is a
quotient algebra of the algebra of formal power series in a finite set of variables), this
structure can be uniquely recovered from the C∨-module structure, so C–contra is a
full subcategory in C∨–mod [6, Remark A.1.1], [8, Theorem B.1.1], [9, Theorem C.5.1],
[10, Sections 1.6 and 2.2]. Generally speaking, it can not and it is not.
There are enough injective objects in the category C–comod and enough projective
objects in the category C–contra. Moreover, the additive categories of injective left
C-comodules and projective left C-contramodules are naturally equivalent [10, Sec-
tion 1.2], [6, Section 0.2.6]. Generally speaking, this allows to construct a natural
triangulated equivalence between the coderived category of left C-comodules and the
contraderived category of left C-contramodules [6, Section 0.2.6], [7, Sections 5.1–5.2],
(1) RΨC : D
co(C–comod) ≃ Dctr(C–contra) :LΦC.
This equivalence of exotic derived categories can sometimes assign an acyclic complex
to an irreducible co/contramodule [6, Section 0.2.7].
When the coalgebra C has finite homological dimension n, there is no difference
between the co/contraderived and the conventional derived categories, that is
Dco(C–comod) = D(C–comod) and Dctr(C–contra) = D(C–contra)
(see [7, Section 4.5] and [6, Remark 2.1]). Hence the triangulated equivalence
(2) RΨC : D(C–comod) ≃ D(C–contra) :LΦC.
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The left derived functor LΦC takes a C-contramodule to an (at most) (n + 1)-term
complex of C-comodules, and the right derived functor RΨC takes a C-contramodule
to an (n+ 1)-term complex of C-comodules.
0.4. Given a k-coalgebra C and a C-semialgebra S, for any right S-semimodule N
and a k-vector space V the vector space Homk(N, V ) has a natural structure of left
S-semicontramodule [6, Sections 0.3.2 and 0.3.5], [10, Section 2.6]. In particular,
given a locally profinite group G and a field k, for any smooth G-module N over k
the vector space Homk(N, V ) has a natural structure of G-contramodule over k.
The G-contramodules over k are the same thing as the S-semicontramodules for
the semialgebra S = k(G) over the coalgebra C = k(H). One has to be careful: the
semialgebra S depends on the choice of a compact open subgroup H ⊂ G (because
the coalgebra C does), but the notion of a G-contramodule over k does not depend
on this choice [6, Section E.1], [10, Example 2.6]. One has to choose a compact
open subgroup in G if one wants to interpret smooth G-modules as semimodules and
G-contramodules as semicontramodules over some semialgebra.
In particular, the H-contramodules over k are the same thing as the C-contramod-
ules for the coalgebra C = k(H).
0.5. For any C-semialgebra S (satisfying certain adjustness conditions which always
hold for semialgebras arising from locally profinite groups), there is a natural triangu-
lated equivalence between certain exotic derived categories of the abelian categories of
left S-semimodules and left S-semicontramodules. These are called the semiderived
categories and denoted by Dsi(S–simod) and Dsi(S–sicntr); the natural equivalence
between them is called the derived semimodule-semicontramodule correspondence [6,
Sections 0.3.7 and 6.3] (cf. [10, Section 3.5]).
The triangulated equivalence Dsi(S–simod) ≃ Dsi(S–sicntr) forms a commutative
diagram with the triangulated equivalence (1) and the forgetful functors from
semi(contra)modules to co(ntra)modules,
(3)
RΨS : D
si(S–simod) Dsi(S–sicntr) :LΦS
RΨC : D
co(C–comod) Dctr(C–contra) :LΦC

✤
✤
✤
✤
✤
✤
✤
✤
✤
✤

✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
The functor RΨS is the right derived functor of the functor
ΨS : S–simod −−→ S–sicntr, ΨS(M) = HomS(S,M)
of homomorphisms in the category of left S-semimodules. The functor LΦS is the
left derived functor of the functor
ΦS : S–sicntr −−→ S–simod,
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which is constructed using the operation of contratensor product of right S-semimod-
ules and left S-semicontramodules,
ΦS(P) = S⊚S P.
The contratensor product operation is in some sense dual to the functor HomS of
homomorphisms in the category of left S-semicontramodules: for any right S-semi-
module N, left S-semicontramodule P, and k-vector space V one has
Homk(N⊚S P, V ) ≃ Hom
S(P,Homk(N, V )).
It follows that the functor ΦS is left adjoint to the functor ΨS.
0.6. In particular, when the coalgebra C has finite homological dimension, there
is no difference between the semiderived and the conventional derived categories of
S-semi(contra)modules,
Dsi(S–simod) = D(S–simod) and Dsi(S–sicntr) = D(S–sicntr).
Hence the commutative diagram of triangulated equivalences and triangulated for-
getful functors
(4)
RΨS : D(S–simod) D(S–sicntr) :LΦS
RΨC : D(C–comod) D(C–contra) :LΦC

✤
✤
✤
✤
✤
✤
✤
✤
✤
✤

✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
Let us emphasize that no homological dimension condition on the semialgebra S is
imposed here, but only on the coalgebra C.
0.7. Specializing (1) to the case of the coalgebra C = k(H) for a profinite group
H , we obtain a natural triangulated equivalence between the coderived category of
discrete H-modules and the contraderived category of H-contramodules over k,
(5) RΨH : D
co(H–discrk) ≃ D
ctr(H–contrak) :LΦH .
When the profinite group H has finite k-cohomological dimension (that is, the ho-
mological dimension of the abelian category of discrete H-modules over k is finite),
this reduces to an equivalence between the conventional derived categories (2)
(6) RΨH : D(H–discrk) ≃ D(H–contrak) :LΦH .
In the case of the semialgebra S = k(G) over the coalgebra C = k(H) corresponding
to a locally profinite group G with a compact open subgroup H , we obtain a natural
triangulated equivalence between the semiderived categories of the abelian categories
of smooth G-modules and G-contramodules over k,
(7) RHΨG : D
si
H(G–smoothk) ≃ D
si
H(G–contrak) :LHΦG.
The subindices H are necessary, because the semiderived categories depend on the
choice of a compact open subgroup H ⊂ G, even though the abelian categories of
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smooth G-modules and G-contramodules do not. Moreover, the triangulated equiv-
alences (5) and (7) form a commutative diagram with the forgetful functors (remem-
bering only the action of H and forgetting the action of the rest of G) (3)
(8)
RHΨG : D
si
H(G–smoothk) D
si
H(G–contrak) :LHΦG
RΨH : D
co(H–discrk) D
ctr(H–contrak) :LΦH
 
0.8. The situation simplifies considerably when a locally profinite group G has a
compact open subgroup H of finite k-cohomological dimension. Notice that every
open subgroup H ′ ⊂ H then also has finite k-cohomological dimension; so the group
G has a base of neighborhoods of zero formed by compact open subgroups of finite
k-cohomological dimension.
Furthermore, the H-semiderived categories of smooth G-modules and G-contra-
modules over k coincide with the conventional derived categories when H has finite
k-cohomological dimension,
DsiH(G–smoothk) = D(G–smoothk) and D
si
H(G–contrak) = D(G–contrak).
Moreover, the derived functors RHΨG and LHΦG do not depend on the choice of a
compact open subgroup H ⊂ G of finite k-cohomological dimension. So we come to
the commutative diagram of triangulated equivalences and forgetful functors (4)
(9)
RΨG : D(G–smoothk) D(G–contrak) :LΦG
RΨH : D(H–discrk) D(H–contrak) :LΦH

✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤

✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
where the upper line does not depend on the choice of H .
If the locally profinite group G has a compact open subgroup H of k-cohomological
dimension n, then the homological dimension of the functors RΨG and LΦG does not
exceed n. In other words, the functor LΦG takes a G-contramodule over k to a
nonpositively cohomologically graded (n + 1)-term complex of smooth G-modules
over k, while the functor RΨG takes a smooth G-module over k to a nonnegatively
cohomologically graded (n+ 1)-term complex of G-contramodules over k.
More generally, for any locally profinite group G admitting a compact open sub-
group of finite k-cohomological dimension, and for any open subgroup G′ ⊂ G, one
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has a commutative diagram of triangulated equivalences and forgetful functors
(10)
RΨG : D(G–smoothk) D(G–contrak) :LΦG
RΨG′ : D(G
′–smoothk) D(G
′–contrak) :LΦG′

✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤

✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
where the triangulated forgetful functors are induced by the exact forgetful functors
between the abelian categories
G–smoothk −−→ G
′–smoothk and G–contrak −−→ G
′–contrak.
0.9. In fact, the situation considered in Section 0.8 stands in the intersection of
several derived covariant duality theories.
Let k be a field and G be a locally profinite group having a compact open sub-
group H ⊂ G of finite k-cohomological dimension n. Let S = k(G) be the related
semialgebra over the coalgebra C = k(H). Then the S-S-bisemimodule S, viewed as
a one-term complex, is a dedualizing complex for the pair of semialgebras (S,S) [13,
Example 3.2], so [13, Theorem 3.3] applies.
Furthermore, in the same assumptions, the smooth G-module S = k(G) is an
n-tilting object in the Grothendieck abelian category A = G–smoothk in the sense
of, e. g., [2, Definition 2.1 and Theorem 2.2]. The tilting heart B is equivalent to the
abelian category of G-contramodules G–contrak. Either approach (see also Section 3
below) allows to construct the triangulated equivalences
(11) D⋆(G–smoothk) ≃ D
⋆(G–contrak)
for all the bounded or unbounded, conventional or absolute derived categories with
the symbols ⋆ = b, +, −, ∅, abs+, abs−, or abs. We refer to the forthcoming
paper [14] for the details.
0.10. Let H be a profinite group of the proorder not divisible by the characteristic
of a field k. (In particular, H can be an arbitrary profinite group and k a field of
characteristic 0.) Then the k-cohomological dimension of H is zero, n = 0. In other
words, the coalgebra C = k(H) is cosemisimple.
Denote by Iα the irreducible discrete representations ofH over k. Then an arbitrary
smooth representation of H over k has the form
M =
⊕
α
Vα ⊗k Iα,
where Vα are some k-vector spaces. At the same time, an arbitrary H-contramodule
over k has the form [6, Lemma A.2.2]
P =
∏
α
Vα ⊗k Iα.
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The derived equivalence D(H–discrk) ≃ D(H–contrak) from the diagram (9) is in-
duced by the equivalence of (semisimple) abelian categories
ΨH : H–discrk ≃ H–contrak :ΦH
taking the discrete H-module
⊕
α Vα ⊗ Iα to the H-contramodule
∏
α Vα ⊗ Iα and
back. The functor ΦH can be also described as taking an H-contramodule P over k
to its H-submodule M ⊂ P formed by all the H-discrete vectors (i. e., vectors whose
stabilizers are open in H).
Furthermore, let G be a locally profinite group containing a compact open subgroup
H ⊂ G of the proorder not divisible by char k. Then the assertions of Sections 0.8–0.9
are applicable. In particular, the smooth G-module S is a projective generator of the
abelian category G–smoothk. Moreover, the derived equivalence D(G–smoothk) ≃
D(G–contrak) from the diagram (9) is induced by an equivalence of abelian categories
ΨG : G–smoothk ≃ G–contrak :ΦG.
The functor ΦG takes a G-contramoduleP over k to its submoduleM = ΦG(P) ⊂P
of all G-smooth vectors. The functor ΨG can be described by the rule
P = ΨG(M) = Homk[G](S,M),
where S = k(G) is the smooth G-G-bimodule of all compactly supported locally
constant functions G −→ k.
0.11. Let G be a p-adic Lie group. If char k 6= p (the “nonnatural characteristic”
case), then G contains a compact open subgroup H of the proorder not divisible by
char k, so the assertions of Section 0.10 apply.
In this paper, we are mostly interested in the case char k = p (the “natural char-
acteristic” case). According to [1, Definition 4.1, Theorem 4.5, and Theorem 8.32]
and [17, Corollaire (1)] (see also [5, Theorem 3.1 and the discussion in the preceding
paragraph]), G contains an open subgroup H that is a pro-p-group of finite cohomo-
logical dimension. Hence the assertions of Sections 0.8–0.9 apply to H and G.
Furthermore, the pro-p-group H is finitely generated. As we show in this paper, it
follows that the the forgetful functor
H–contrak = C–contra −−→ C
∨–mod
from the category of C-contramodules to the category of abstract C∨-modules is fully
faithful. So is the forgetful functor
G–contrak −−→ G–modk
from the category of G-contramodules over k to the category of abstract G-modules
over k.
It also follows that the derived functor LΦG in the diagram (9) is simply the left
derived functor of the functor of tensor product
ΦG : G–contrak −−→ G–smoothk, ΦG(P) = S⊗k[G] P.
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Alternatively, the functor ΦG can be described as
ΦG(P) = S⊗T P,
where T = Homk[G](S,S)
op is the opposite ring to the ring of endomorphisms of the
left G-module S over k. The functor LΦG : D(G–contrak) −→ D(G–smoothk) agrees
with the conventional derived tensor product functor S⊗LT −.
Similarly, the derived functor RΨG is simply the right derived functor of
ΨG : G–smoothk −−→ G–contrak, ΨG(M) = Homk[G](S,M) = HomTop(S,M).
The functor RΨG : D(G–smoothk) −→ D(G–contrak) agrees with the conventional
RHomTop(S,−).
0.12. Before we finish this introduction, let us mention a result demonstrating that
the semiderived category DsiH(G–smoothk) is a natural triangulated category to assign
to a locally profinite groupG with a compact open pro-p subgroupH of a more general
kind than p-adic Lie groups. The question becomes nontrivial when the pro-p-group
H has infinite cohomological dimension (and char k = p).
For any coalgebra C over a field k, the coderived category of left C-comodules
Dco(C–comod) is compactly generated by its full subcategory of finite complexes of
finite-dimensional comodules. This full subcategory is equivalent to the bounded
derived category Db(C–comodfd) of the abelian category of finite-dimensional left
C-comodules [7, Sections 3.11 and/or 4.6 and 5.5].
In particular, let H be a profinite group and k be a field. Denote by Iα the ir-
reducible discrete representations of H over k. Then the objects Iα ∈ H–discrk ⊂
Dco(H–discrk) form a set of compact generators of the coderived category of discrete
representations Dco(H–discrk). When H is a pro-p-group and char k = p, there is
a unique irreducible discrete representation of H over k, namely, the trivial repre-
sentation I0 = k. So I0 is a single compact generator of the coderived category
Dco(H–discrk).
For a semialgebra S over C, one can consider the induction functor
indSC : C–comod −−→ S–simod, ind
S
C(M) = S C M.
The functor indSC is left adjoint to the forgetful functor S–simod −→ C–comod. The
functor indSC is exact, so it induces a triangulated functor
indSC : D
co(C–comod) −−→ Dsi(S–simod).
left adjoint to the forgetful functor Dsi(S–simod) −→ Dco(C–comod). The triangu-
lated forgetful functor preserves coproducts, so the triangulated induction functor
takes compact objects to compact objects.
Denote by Iα the irreducible left C-comodules. Then the objects ind
S
C(Iα) ∈
S–simod ⊂ Dsi(S–simod) are compact generators of the triangulated category
Dsi(S–simod). This follows from the fact that the triangulated forgetful functor
Dsi(S–simod) −→ Dco(C–comod) is, by the definition of the semiderived category,
conservative, i. e., it takes nonzero objects to nonzero objects.
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Now let G be a locally profinite group with a compact open subgroup H ⊂ G.
Specializing to the case C = k(H) and S = k(G), we obtain the functor of compactly
supported smooth induction
indGH : H–discrk −−→ G–smoothk
left adjoint to the forgetful functorG–smoothk −→ H–discrk. Let Iα be the irreducible
discrete representations of H over k. Then the objects indGH(Iα) ∈ G–smoothk ⊂
DsiH(G–smoothk) are compact generators of the semiderived category D
si
H(G–smoothk).
When H is a pro-p-group and char k = p, the smooth G-module indGH(I0) is a single
compact generator of the category DsiH(G–smoothk).
Now we can define the Hecke DG-algebra. The full subcategories of bounded below
complexes in D(G–smoothk), D
si
H(G–smoothk), and D
co(G–smoothk) are all equiva-
lent, so it does not matter in (a DG-enhancement of) which of these triangulated
categories such a DG-algebra is computed. As in [16, Section 3], it suffices to pick a
right injective resolution J• of the object indGH(I0) in the abelian category G–smoothk,
and set A• = Homk[G](J
•, J•)op.
The same arguments as in [16] provide a triangulated equivalence
(12) DsiH(G–smoothk) ≃ D(A
•–mod)
between the H-semiderived category of smooth G-modules over k and the derived
category of left DG-modules over the Hecke DG-algebra A•. This is a generalization
of the Schneider derived equivalence [16, Theorem 9] to the case of an arbitrary locally
profinite group G with a compact open pro-p subgroup H ⊂ G.
0.13. In conclusion, let us mention that all or almost all the results in this paper can
be extended easily to the case of a discrete commutative coefficient ring k of finite
homological dimension (in place of a field). Indeed, the exposition in [6, Sections E.1–
E.3] is given in precisely this generality. In order not to intimidate the reader, we
prefer to work over a field in this paper. For the same reason, we do not go into a
discussion of the absolute derived categories.
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1. Discrete H-Modules and H-Contramodules
Let k be a field. A (coassociative and counital) coalgebra C over k is k-vector space
endowed with a comultiplication map µ : C −→ C⊗k C and a counit map ε : C −→ k
satisfying the conventional coassociativity and counitality axioms.
A left C-comodule M is a k-vector space endowed with a left coaction map
νM : M −→ C ⊗k M, and a right C-comodule N is a k-vector space endowed with a
right coaction map νN : N −→ N ⊗k C. The coassociativity and counitality axioms
have to be satisfied in both cases. We refer to [18] or [10] for further details.
A left C-contramodule P is a k-vector space endowed with a left contraaction
map πP : Homk(C,P) −→ P. The map πP must satisfy the contraassociativity and
contraunitality axioms: namely, the two maps Homk(C,Homk(C,P)) = Homk(C ⊗k
C, P) ⇒ Homk(C,P), one of them induced by the comultiplication map µ and the
other one by the contraaction map πP, should have equal compositions with the
contraaction map πP,
Homk(C,Homk(C,P)) = Homk(C⊗k C, P) ⇒ Homk(C,P) −→ P,
and the composition of the map P −→ Homk(C,P) induced by the counit map ε
with the contraaction map πP should be equal to the identity map idP,
P −−→ Homk(C,P) −−→ P.
Here the identification Homk(V, Homk(U,W )) ≃ Homk(U ⊗k V, W ) is presumed in
the contraassociativity axiom (using Homk(U, Homk(V,W )) ≃ Homk(U ⊗k V, W )
would lead to the definition of a right C-contramodule).
Given a right C-comodule N and a k-vector space V , the vector space P =
Homk(N, V ) has a natural left C-contramodule structure with the contraaction map
πP : Homk(C,P) −→ P constructed as the composition
Homk(C,Homk(N, V )) ≃ Homk(N ⊗k C, V ) −−→ Homk(N, V )
of the natural isomorphism of Hom spaces and the map induced by the right coaction
map νN : N −→ N ⊗k C.
The category of left C-comodules C–comod is abelian with exact functors of infinite
direct sum and an injective cogenerator C, while the category of left C-contramodules
C–contra is abelian with exact functors of infinite product and a projective genera-
tor C∨. More generally, a cofree left C-comodule is a C-comodule of the form C⊗k V ,
and a free left C-contramodule is a C-contramodule of the form Homk(C, V ), where
V is a k-vector space. The injective objects of C–comod are precisely the direct
summands of the cofree left C-comodules, and the projective objects of C–contra are
precisely the direct summands of free left C-contramodules [10, Section 1.2].
The dual vector space C∨ to a coalgebra C is endowed with an associative algebra
structure in such a way that every left C-comodule has a natural structure of left
C∨-module and every right C-comodule has a natural structure of right C∨-module.
Then every left C-contramodule has a natural structure of left C∨-module. So there
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are forgetful functors
C–comod −−→ C∨–mod,
comod–C −−→ mod–C∨,
C–contra −−→ C∨–mod.
The former two functors are always fully faithful, and identify the category of (left
or right) C-comodules with the category of discrete (left or right) C∨-modules, i. e.,
the C∨-modules every vector in which has an open annihilator in C∨.
A coalgebra C is called conilpotent if it has a unique irreducible (say, left) comodule,
whose dimension over k is equal to 1. Alternatively, a (coassociative) coalgebra with-
out counit D is called conilpotent if for every element x ∈ D there exists an integer
m ≥ 0 such that x is annihilated by the iterated comultiplication map D −→ D⊗m+1.
A coaugmented coalgebra C is a (coassociative and counital) coalgebra endowed with
a morphism of coalgebras (the coaugmentation) γ : k −→ C. A coaugmented coalge-
bra C is called conilpotent if the coalgebra without counit C+ = C/γ(k) is conilpo-
tent [15]. This definition is equivalent to the previous one [18, Section 9.1]. A
conilpotent (counital) coalgebra C always has a unique coaugmentation.
The cohomology algebra H∗(C) of a coaugmented coalgebra C can be defined as the
Yoneda Ext-algebra Ext∗C(k, k) computed in the abelian category of left C-comodules
C–comod. More explicitly, one has, in particular, H1(C) = ker(C+ → C+ ⊗k C+);
this vector space can be interpreted as the space of cogenerators of the conilpotent
coalgebra C. We refer to [15] and [11] for further details.
Theorem 1.1. Let C be a conilpotent coalgebra such that the k-vector space H1(C) is
finite-dimensional. Then the forgetful functor C–contra −→ C∨–mod is fully faithful.
Moreover, for any dense subring R in the topological ring C∨, the forgetful functor
C–contra −→ R–mod is fully faithful.
Proof. Given two left C-contramodules P and Q and a left R-module morphism
f : P −→ Q, we have to show that f is a C-contramodule morphism. Compos-
ing f with the contraaction morphism Homk(C,P) −→ P and replacing P with
Homk(C,P), we can assume that P is a free left C-contramodule, P = Homk(C, V )
for some k-vector space V . Then the composition
(13) V −−→ Homk(C, V )
f
−−→ Q
extends uniquely to a left C-contramodule morphism f ′ : Homk(C, V ) −→ Q. Replac-
ing f with f − f ′, we can assume that the composition (13) vanishes. Then we have
to show that f = 0. Furthermore, replacing Q with its C-subcontramodule generated
by f(P), we can assume that Q has no proper subcontramodules containing f(P).
For any left C-contramodule L, denote by L+ ⊂ L the image of the composition
of maps Homk(C+,L) −→ Homk(C,L) −→ L. Then L
+ is a C-subcontramodule in L
and L/L+ is the maximal quotient contramodule of L with a trivial C-contramodule
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structure (the latter notion being defined in terms of the coaugmentation of C). Ac-
cording to the contramodule Nakayama lemma [6, Lemma A.2.1] (cf. [10, Lemma 2.1],
[8, Lemma 1.3.1], [9, Lemma D.1.2]), L/L+ 6= 0 whenever L 6= 0.
Let us first discuss the case when R = C∨. Let C+ −→ U be a k-linear map from C+
to a finite-dimensional k-vector space U such that the composition H1(C) −→ C+ −→
U is injective. Since C is conilpotent, the composition C+ −→ C ⊗k C+ −→ C ⊗k U
is then also an injective left C-comodule morphism [11, Lemma 5.1]. Hence the
induced map Homk(C ⊗k U, L) −→ Homk(C+,L) is surjective, and it follows from
the contraassociativity axiom that L+ ⊂ L is the image of the composition of the
contraaction maps Homk(U,Homk(C,L)) −→ Homk(U,L) −→ L. Thus L
+ is the
image of the contraaction map Homk(U,L) −→ L.
The vector space U being finite-dimensional, we have Homk(U,L) ≃ U
∨⊗k L. The
map U∨⊗k L −→ L can be obtained as the composition U
∨⊗k L −→ C
∨⊗k L −→ L
of the map induced by the natural linear map U∨ −→ C∨ and the C∨-action map. It
follows that any left C∨-module morphismP −→ Q between two left C-contramodules
P and Q takes P+ ⊂ P into Q+ ⊂ Q. We have shown that f(P+) ⊂ Q+.
Now we have P = Homk(C, V ), henceP/P
+ = V . By our assumption, the induced
map P/P+ −→ Q/Q+ vanishes. Therefore, f(P) ⊂ Q+. By another assumption of
ours, it follows that Q+ = Q. Applying the contramodule Nakayama lemma, we can
conclude that Q = 0.
More generally, let R be a dense subring in the pseudo-compact algebra C∨. The
discrete k-vector space H1(C) is dual to the pseudo-compact quotient k-vector space
of the augmentation ideal I = C∨+ ⊂ C
∨ by the closure I2 of the ideal I
2 = (C∨+)
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in C∨, that is H1(C)∨ ≃ I/I2. Since H
1(C) is finite-dimensional, it follows that
I/I2 is also finite-dimensional and discrete, and I2 is open in I. (We will see below
that I2 is in fact an open ideal in C∨, so I2 = I
2.) Since R is dense in C∨ (and
consequently R ∩ I is dense in I, as the unit element of C∨ belongs to R by the
definition of a subring), there exists a finite-dimensional subspace U∨ ⊂ R ∩ I such
that the projection map U∨ −→ I/I2 is surjective.
Dualizing the composition of maps U∨ −→ R∩I −→ I = C∨+, we obtain a k-linear
map C+ −→ U from C+ to a finite-dimensional k-vector space U such that the com-
position H1(C) −→ C+ −→ U is injective. Since C is conilpotent, the composition
C+ −→ C⊗k C+ −→ C⊗k U is then also an injective left C-comodule morphism [11,
Lemma 5.1]. Arguing as above, we see that for any left C-contramodule L the sub-
contramodule L+ ⊂ L is the image of the composition U∨ ⊗k L −→ C
∨ ⊗k L −→ L
of the map induced by the embedding U∨ −→ C∨ and the C∨-action map.
The image of the map U∨ −→ C∨ lies in R ⊂ C∨. So the map U∨ ⊗k L −→ L
can be also obtained as the composition U∨ ⊗k L −→ R ⊗k L −→ L of the map
induced by the embedding U∨ −→ R and the left R-action map. It follows that any
left R-module morphism P −→ Q between two left C-contramodules P and Q takes
P+ ⊂ P into Q+ ⊂ Q. Once again, we have shown that f(P+) ⊂ Q+, and the
argument finishes as above.
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Finally, let us explain why I2 = I
2 = IU∨ ⊂ C∨ (notice that, the vector space
U∨ being finite-dimensional, the ideal IU∨ ⊂ C∨ is clearly closed as the image of
a continious linear map between pseudo-compact vector spaces). Equivalently, this
means that the composition C+ −→ C+ ⊗k C+ −→ C+ ⊗k U has the same kernel as
the comultiplication map C+ −→ C+ ⊗k C+. The kernel of the composition C+ −→
C+ ⊗k C+ −→ C+ ⊗k C ⊗k U is equal to the kernel of the map C+ −→ C+ ⊗k C+,
as the map C+ −→ C ⊗k U is injective as we have seen. The composition C+ −→
C+ ⊗k U −→ C+ ⊗k C⊗k U provides the same map, so the kernel of C+ −→ C+ ⊗k U
is contained in that of C+ −→ C+ ⊗k C+. It follows that I
n = I(U∨)n−1 is a closed
ideal in C∨ for every n ≥ 2. 
The contratensor product N⊙CP of a right C-comoduleN and a left C-contramodule
P is a k-vector space constructed as the cokernel of the difference of two natural maps
N ⊗k Homk(C,P) ⇒ N ⊗k P.
Here the first map is simply induced by the left contraaction map πP : Homk(C,P)
−→ P, while the second map is the composition N ⊗k Homk(C,P) −→ N ⊗k C ⊗k
Homk(C,P) −→ N ⊗k P of the map induced by the right coaction map νN : N −→
N ⊗k C and the map induced by the evaluation map C⊗k Homk(C,P) −→ P.
For any right C-comodule N, left C-contramodule P, and k-vector space V there
is a natural isomorphism of k-vector spaces
Homk(N⊙C P, V ) ≃ Hom
C(P,Homk(N, V )),
where we denote by HomC the space of morphisms in the category of left C-contra-
modules C–contra [10, Section 3.1].
Clearly, for any coalgebra C, a right C-comodule N, and a left C-contramodule P
there is a natural surjective map
N ⊗C∨ P −−→ N ⊙C P.
Corollary 1.2. Let C be a conilpotent coalgebra such that the k-vector space H1(C)
is finite-dimensional. Then for any right C-comodule N and any left C-contramodule
P the natural map N⊗C∨ P −→ N ⊙C P is an isomorphism.
Moreover, for any dense subring R in the topological ring C∨, the natural map
N ⊗R P −→ N ⊙C P is an isomorphism.
Proof. Applying the functor Homk(−, V ) to the map in question, we obtain the map
HomC(P, Homk(N, V )) ≃ Homk(N ⊙C P, V )
−−→ Homk(N ⊗R P, V ) ≃ HomR(P, Homk(N, V )),
which is an isomorphism by Theorem 1.1. 
Our next aim is to show that, under certain assumptions, all injective C-comodules
are injective C∨-modules and all projective C-contramodules are flat C∨-modules. It
will be convenient to increase the generality slightly and use the language centered
around the topological ring R = C∨ rather than the coalgebra C.
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Let R be an associative ring and I ⊂ R be a two-sided ideal such that R is
separated and complete in the I-adic topology, that is R = lim
←−n
R/In. Consider the
associated graded ring grIR =
⊕
∞
n=0 I
n/In+1 and the ideal grII =
⊕
∞
n=1 I
n/In+1 ⊂
grIR. The following assertion is a version of the Artin–Rees lemma.
Lemma 1.3. Assume that the ring grIR is right Noetherian and the ideal grII ⊂
grIR is generated by (a finite set of) central elements in grIR. Let M be a finitely
generated right R-module with an R-submodule N ⊂M . Then there exists an integer
m ≥ 0 such that N ∩MIn+m = (N ∩MIm)In for all n ≥ 0.
Proof. As in [3, Lemma 13.2], it suffices to show that the Rees ring R(I) =
⊕
∞
n=0 I
n
is right Noetherian (as a graded ring). Indeed, M(I) =
⊕
∞
n=0MI
n is a finitely
generated graded R(I)-module, and
⊕
∞
n=0N ∩MI
n is a graded R(I)-submodule in
M(I). It remains to choose m ≥ 0 such that this submodule is generated by some
(finite) set of elements of the degree ≤ m.
Consider the ideal J = I ⊕ I ⊕ I2 ⊕ I3 ⊂ R(I), so that the quotient ring is
R(I)/J = R/I. The ring R(I) is separated and complete (as a graded ring) in
the J-adic topology, that is R(I) = lim
←−n
R(I)/Jn in the category of graded abelian
groups. The associated graded ring grJR(I) =
⊕
∞
n=0 J
n/Jn+1 is isomorphic to the
Rees ring of the graded ring grIR (endowed with the decreasing filtration associated
with the grading), grJR(I) ≃ grIR(grII).
Hence the (bi)graded ring grJR(I) is a quotient ring of the polynomial ring in a fi-
nite number of variables over the right Noetherian ring grIR, so it is right Noetherian,
as in [3, Theorems 1.9 and 13.3]. It remains to deduce the assertion that the graded
ring R(I) is right Noetherian. This is a standard argument: given a homogeneous
right ideal K ⊂ R(I), one chooses a finite set of bihomogeneous generators of the
right ideal grJK ⊂ grJR(I) and lifts them to homogeneous elements in K, obtaining
a finite set of generators of the right ideal K ⊂ R(I). 
Denote by discr–R ⊂ mod–R the full subcategory of discrete right R-modules
(i. e., right R-modules N such that the annihilator of every element x ∈ N is a open
right ideal in R). The category discr–R is a Grothendieck abelian category, so it has
enough injective objects.
The definition of a left R-contramodule can be found in [8, Section 1.2], [10, Sec-
tion 2.1]; we do not repeat it here, as all we need is the construction of free left
R-contramodules. Given a set X and a ring R, denote by R[X ] the free left R-module
generated by the set X . Then the free left R-contramodule generated by X is
R[[X ]] = lim
←−n
(R/In)[X ].
When C is a conilpotent coalgebra with finite-dimensional space of cogenerators
H1(C), and R = C∨ is the dual algebra, the pseudo-compact topology of C∨ coincides
with the adic topology for the augmentation ideal I = C∨+ ⊂ C
∨. Hence the above
definition of a freeR-contramodule agrees with the definition of a free C-contramodule
(cf. [8, Section 1.10], [10, Section 2.3]).
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Proposition 1.4. Assume that the ring grIR is right Noetherian and the ideal
grII ⊂ grIR is generated by (a finite set of) central elements in grIR. Then
(a) every injective object of discr–R is also an injective object of mod–R;
(b) for every set X, the left R-module R[[X ]] is flat.
Proof. This is a version of [8, Proposition B.9.1] and [10, Proposition 2.2.2]. Notice
first of all that the ring R is right Noetherian by [1, Proposition 7.27] (cf. the related
argument in the proof of Lemma 1.3 above). Part (a): let J be an injective object of
discr–R. In order to show that J is an injective right R-module, it suffices to check
that, for any finitely generated right R-module M with an R-submodule N ⊂ M ,
any R-module morphism f : N −→ J can be extended to an R-module morphism
M −→ J. Since the R-module N is finitely generated and the R-module J is discrete,
there exists n ≥ 0 such that f(NIn) = f(N)In = 0 in J. By Lemma 1.3, there exists
m ≥ 0 such that N ∩MIm ⊂ NIn. Now N/(N ∩MIm) is a submodule in a discrete
right R-moduleM/MIm, so theR-module morphism N/(N∩MIm) −→ N/NIn −→
J can be extended to an R-module morphism M/MIm −→ J.
Part (b): it suffices to show that the functor M 7−→ M ⊗R R[[X ]] is exact on the
abelian category of finitely generated right R-modules. For any suchM , consider the
natural morphism of abelian groups
(14) M ⊗R R[[X ]] −−→ lim←−n
M ⊗R R/I
n[X ].
For any short exact sequence of finitely generated right R-modules 0 −→ K −→
L −→M −→ 0, there is a short exact sequence of R/In-modules
0 −−→ K/(K ∩ LIn) −−→ L/LIn −−→ M/MIn −−→ 0,
which remains exact after applying the functor − ⊗R/In R/I
n[X ]. By Lemma 1.3,
the projective systems K/(K ∩ LIn) and K/KIn are cofinal, so
lim
←−n
K/(K ∩ LIn)⊗R/In R/I
n[X ] = lim
←−n
K/KIn ⊗R/In R/I
n[X ].
Since K/(K ∩ LIn) ⊗R/In R/I
n[X ] is a projective system of surjective morphisms,
passing to the projective limit produces a short exact sequence
0 −→ lim
←−n
K ⊗R R/I
n[X ] −→ lim
←−n
L⊗R R/I
n[X ] −→ lim
←−n
M ⊗R R/I
n[X ] −→ 0.
Hence the functor in the right-hand side of the morphism (14) is exact.
The functor in the left-hand side is right exact, and the morphism is an isomorphism
whenM is a finitely generated free rightR-module. It follows that the morphism (14)
is an isomorphism for every finitely generated right R-moduleM . Thus the left-hand
side of (14) is also an exact functor of M . 
Let H be a profinite group and k be a field. An H-module over k is a k-vector
space in which H acts by k-linear automorphisms. An H-module M over k is called
discrete if the stabilizer of every element x ∈ M is an open subgroup in H . The
abelian category ofH-modules over k is denoted by H–modk and the abelian category
of discrete H-modules over k is denoted by H–discrk ⊂ H–modk.
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Let X denote a profinite set (or in other words, a compact totally disconnected
topological space). For any k-vector space V , we denote by V (X) the k-vector space
of all locally constant functions X −→ V . We also denote by V [[X ]] the k-vector
space of all finitely additive V -valued measures defined on all the open-closed subsets
in X . Then there are natural isomorphisms
V (X) ≃ V ⊗k k(X), V [[X ]] ≃ Homk(k(X), V ),
and
V (H) = lim
−→
U⊂H
V (H/U), V [[H ]] = lim
←−
U⊂H
V [H/U ],
where the limits are taken over all the (if one wishes, normal) open subgroups U ⊂ H ,
and V [H/U ] = V (H/U) denotes the vector space of all functions H/U −→ V . For
any two profinite sets X and Y , there are natural isomorphisms
k(X × Y ) ≃ k(X)⊗k k(Y ), V [[X × Y ]] ≃ V [[X ]][[Y ]].
AnH-contramodule over k is a k-vector space P endowed with a k-linear H-contra-
action map πP : P[[H ]] −→ P satisfying the following two axioms. Firstly, the two
maps P[[H ]][[H ]] ≃ P[[H ×H ]]⇒ P[[H ]], one of them provided by the pushforward
of measures with respect to the multiplication map H × H −→ H and the other
one induced by the contraaction map πP, should have equal compositions with the
contraaction map πP,
P[[H ]][[H ]] ≃ P[[H ×H ]] ⇒ P[[H ]] −→ P.
Secondly, the composition of the map P −→ P[[H ]] assigning to a vector x ∈ P
the point measure concentrated at the unit element e ∈ H with the value x and the
contraaction map πP should be equal to the identity map idP,
P −−→ P[[H ]] −−→ P.
We refer to [10, Section 1.8] for a discussion of the intuition behind this concept.
H-contramodules over k form an abelian category H–contrak. Given an H-contra-
module P over k, a vector x ∈ P, and an element h ∈ H , one can consider the point
measure at h−1 ∈ H with the value x ∈ P. Applying the contraaction map πP to this
measure, one obtains an element denoted by h(x) ∈ P. This construction defines the
underlying H-module structure on an H-contramodule P, providing an exact and
faithful forgetful functor H–contrak −→ H–modk.
The k-vector space C = k(H) has a natural coalgebra structure with the comulti-
plication map C −→ C⊗k C provided by the pullback of functions with respect to the
multiplication map H ×H −→ H and the counit map C −→ k similarly induced by
the unit map {∗} −→ H . The dual algebra C∨ = k[[H ]] is the projective limit of the
group algebras lim
←−U⊂H
k[H/U ], as above.
The datum of a discrete action of H on a k-vector space M is equivalent to
that of a (left or right) C-comodule structure on M. Analogously, the datum of
an H-contramodule structure on a k-vector space P is equivalent to that of a (left
or right) C-contramodule structure. So there are natural isomorphisms of categories
H–discrk = k(H)–comod = comod–k(H) and H–contrak = k(H)–contra.
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As usually, we denote by k[H ] the group algebra of the group H (viewed as an
abstract group with the topology forgotten). So we have natural isomorphisms of
categories H–modk ≃ k[H ]–mod ≃ mod–k[H ]. There is a natural injective ho-
momorphism of k-algebras k[H ] −→ k[[H ]] = C∨ inducing the embedding functor
H–discrk −→ H–modk and the forgetful functor H–contrak −→ H–modk.
Now let us assume that H is a pro-p-group and k is a field of characteristic p. Then
the minimal number of generators of the profinite group H can be computed as the
dimension of the k-vector space H1(H, k) = H1(C).
Corollary 1.5. Let H be a finitely generated pro-p-group and k be a field of charac-
teristic p. Then the forgetful functor H–contrak −→ H–modk is fully faithful.
Moreover, for any dense subgroup H ′ ⊂ H, the forgetful functor H–contrak −→
H ′–modk is fully faithful.
Proof. Follows from Theorem 1.1, as k[H ′] is a dense subring in k[[H ]]. 
Corollary 1.6. Let H be a finitely generated pro-p-group and k be a field of char-
acteristic p. Then for any discrete H-module N and any H-contramodule P over k
the natural map N ⊗k[H] P −→ N⊙k(H) P is an isomorphism.
Moreover, for any dense subgroup H ′ ⊂ H, the natural map N ⊗k[H′] P −→
N ⊙k(H) P is an isomorphism.
Proof. Follows from Corollary 1.2. 
For the definition of a uniform pro-p-group, we refer to [1, Definition 4.1].
Corollary 1.7. Let H be a uniform pro-p-group and k be a field of characteristic p.
Then
(a) every injective object of H–discrk is also an injective object of k[[H ]]–mod;
(b) every projective object of H–contrak is a flat k[[H ]]-module.
Proof. Set R = k[[H ]], and let I ⊂ R be the augmentation ideal. According to [1,
Theorem 7.24], the graded ring grIR is a commutative polynomial ring in a finite
number of variables over k. So Proposition 1.4 applies. 
2. Smooth G-Modules and G-Contramodules
Let G be a locally profinite group and k be a field. A G-module over k is a k-vector
space endowed with an action of G (viewed as an abstract group). A G-module M
over k is called smooth if the stabilizer of every element x ∈M is an open subgroup
in H . The abelian category of G-modules over k is denoted by G–modk and the
abelian category of smooth G-modules is denoted by G–smoothk ⊂ G–modk.
Both the infinite direct sums and infinite products exist in the abelian category
G–smoothk. The embedding functor G–smoothk −→ G–modk preserves the infinite
direct sums (but not the infinite products).
Let X be a locally profinite set (that is a locally compact totally disconnected
topological space). For any k-vector space V , we denote by V (X) the k-vector space
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of all compactly supported locally constant functions X −→ V . We also denote
by V [[X ]] the k-vector space of all compactly supported finitely additive V -valued
measures defined on all the open-closed subsets in X . Then for any two locally
profinite sets X and Y there are natural isomorphisms
V (X) ≃ V ⊗k k(X), k(X × Y ) ≃ k(X)⊗k k(Y )
and natural injective maps
V [[X ]]⊗k k[[Y ]] −−→ V [[X × Y ]] −−→ V [[X ]][[Y ]].
In particular, there is a natural injective map V ⊗k k[[X ]] −→ V [[X ]]. For any
continuous map of locally profinite sets X −→ Y , there is a natural pushforward
map V [[X ]] −→ V [[Y ]] (cf. [6, Section E.1.1] and [10, Section 1.8]).
A G-contramodule over k is a k-vector space P endowed with a k-linear
G-contraaction map πP : P[[G]] −→ P satisfying the contraassociativity and
contraunitality axioms. Specifically, the two maps P[[G × G]] ⇒ P[[G]], one of
them provided by the pushforward of measures with respect to the multiplication
map G×G −→ G, and the other one constructed as the composition of the natural
injection P[[G × G]] −→ P[[G]][[G]] with the map P[[G]][[G]] −→ P[[G]] induced
by the contraaction map πP, should have equal compositions with the contraaction
map πP,
P[[G×G]] ⇒ P[[G]] −→P.
Besides, the composition of the map P −→ P[[G]] assigning to a vector x ∈ P the
point measure on G concentrated at the unit element e ∈ G and taking the value x on
the neighborhoods of e with the contraaction map πP should be equal to the identity
map idP,
P −−→ P[[G]] −−→ P.
G-contramodules over k form an abelian category G–contrak. For every element
g ∈ G, one can consider the point measure at g with the value 1 ∈ k. This defines
an injective map k[G] −→ k[[G]]. The composition of k-linear maps P ⊗k k[G] −→
P ⊗k k[[G]] −→ P[[G]] −→ P provides a map P ⊗k k[G] −→ P defining the
underlying G-module structure on a G-contramodule P. Hence we obtain an exact
and faithful forgetful functor G–contrak −→ G–modk.
Both the infinite direct sums and infinite products exist in the abelian category
G–contrak. The forgetful functor G–contrak −→ G–modk preserves the infinite prod-
ucts (but not the infinite direct sums).
For any smooth G-module N over k and any k-vector space V , there is a natural
structure of G-contramodule on the k-vector space Homk(N, V ). We refer to [6,
Section E.1.4] for the construction of the contraaction map π : Homk(N, V )[[G]] −→
Homk(N, V ) and to [10, Section 1.8] for the discussion of its intuitive meaning as a
certain integration operation.
Corollary 2.1. Let G be a locally profinite group with a compact open subgroup
H ⊂ G. Assume that H is a finitely generated pro-p-group and k is a field of char-
acteristic p. Then the forgetful functor G–contrak −→ G–modk is fully faithful.
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Moreover, for any dense subgroup G′ ⊂ G, the forgetful functor G–contrak −→
G′–modk is fully faithful.
Proof. Let P and Q be two G-contramodules over k, and let f : P −→ Q be a
k[G′]-module morphism. Set H ′ = H ∩G′. Then f is, in particular, a k[H ′]-module
morphism. By Corollary 1.5, it follows that f is a morphism of H-contramodules
over k. Finally, we notice that the composition
P[[H ]]⊗k k[G
′] −−→ P[[H ]]⊗k k[[G]] −−→ P[[H ×G]] −−→ P[[G]]
of the natural injective maps and the pushforward map is surjective. As f is a
morphism of H-contramodules and a morphism of G′-modules, we can conclude that
it is a morphism of G-contramodules over k. 
LetG be locally profinite group and k be a field. The contratensor product N⊚k,GP
of a smooth G-module N and a G-contramodule P over k is a k-vector space con-
structed as the cokernel of the difference of two natural maps
N⊗k P[[G]] ⇒ N⊗k P.
The first map is simply induced by the contraaction map πP : P[[G]] −→ P. The
second map is defined by the formula
x⊗ µ 7−→
∫
G
xg−1 ⊗ dµg
for all x ∈ N and µ ∈P[[G]]. Here g 7−→ xg−1 = gx is a smooth N-valued function
on G, which can be integrated with the compactly supported P-valued measure µ
on open-closed subsets of G, resulting in an element of N⊗k P.
For any smooth G-module N, G-contramodule P, and a vector space V over k
there is a natural isomorphism of k-vector spaces
Homk(N⊚k,G P, V ) ≃ Hom
G
k (P,Homk(N, V )),
where HomGk (P,Q) denotes the space of all morphisms P −→ Q is the category
G–contrak. Clearly, there is also a natural surjective morphism
N⊗k[G] P −−→ N⊚k,G P.
When H is a profinite group, the contratensor product N ⊚k,H P of a discrete
H-module N and an H-contramodule P over k is nothing but their contratensor
product N ⊙k(H) P as a right comodule and a left contramodule over the coalgebra
C = k(H). The following result is a generalization of Corollary 1.6 to locally profinite
groups.
Corollary 2.2. Let G be a locally profinite group with a compact open subgroup
H ⊂ G. Assume that H is a finitely generated pro-p-group and k is a field of char-
acteristic p. Then for any smooth G-module N and any G-contramodule P over k
the natural map N⊗k[G] P −→ N⊚k,G P is an isomorphism.
Moreover, for any dense subgroup G′ ⊂ G, the natural map N ⊗k[G′] P −→
N⊚k,G P is an isomorphism.
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Proof. This is deduced from Corollary 2.1 in the same way as Corollary 1.2 is deduced
from Theorem 1.1. 
Let G′ and G′′ be two locally profinite groups, and let K be a smooth
(G′ ×G′′)-module over k. Then the functor
K⊚k,G′′ − : G
′′–contrak −−→ G
′–smoothk
taking a G′′-contramodule P over k to the smooth G′-module K ⊚k,G′′ P is left
adjoint to the functor
Homk[G′](K,−) : G
′–smoothk −−→ G
′′–contrak
taking a smooth G′-module M over k to the G′′-contramodule Homk[G′](K,M).
The smooth (G × G)-module S = k(G) of compactly supported locally constant
k-valued functions on a locally profinite group G plays a central role. We denote the
related pair of adjoint functors by
(15) ΦG = S⊚k,G − : G–contrak −−→ G–smoothk
and
(16) ΨG = Homk[G](S,−) : G–smoothk −−→ G–contrak.
Choosing a compact open subgroup H ⊂ G endows the smooth (G × G)-module
S viewed as a discrete (H × H)-module with the structure of a semiassociative,
semiunital semialgebra over the coalgebra C = k(H). The category of smooth
G-modules over k is then identified with the category of (left or right) S-semimodules,
G–smoothk = S–simod = simod–S, and the category of G-contramodules over k is iso-
morphic to the category of (left or right) S-semicontramodules, G–contrak = S–sicntr
[6, Sections E.1.2–E.1.3], [10, Example 2.6].
Given a smooth G-module N and a G-contramodule P over k, their contraten-
sor product N ⊚k,G P is nothing but their contratensor product N ⊚S P as a
right S-semimodule and a left S-semicontramodule, in the sense of [6, Sections 0.3.7
and 6.1.1]. In particular, the pair of adjoint functors ΦG and ΨG is isomorphic to the
pair of adjoint functors ΦS and ΨS of [6, Sections 0.3.7 and 6.1.4–6.2].
Let G′ ⊂ G be an open subgroup. Then the functors Φ and Ψ related to the groups
G and G′ form commutative diagrams with the forgetful functors G–smoothk −→
G′–smoothk and G–contrak −→ G
′–contrak,
(17)
ΨG : G–smoothk G–contrak
ΨG′ : G
′–smoothk G
′–contrak

✤
✤
✤
✤
✤
✤
✤
✤
//

✤
✤
✤
✤
✤
✤
✤
✤
//
ΦG : G–contrak G–smoothk
ΦG′ : G
′–contrak G
′–smoothk

✤
✤
✤
✤
✤
✤
✤
//

✤
✤
✤
✤
✤
✤
✤
//
Commutativity of the leftmost diagram follows immediately from the fact that the
G-module SG = k(G) can be obtained by applying the compactly supported smooth
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induction functor to the G′-module SG′ = k(G
′), that is k(G) = indGG′ k(G
′). Com-
mutativity of the rightmost diagram can be obtained, e. g., as a particular case of
the results of [6, Section 8.1.2].
Let H1 ⊂ H2 be an open subgroup in a profinite group. Then one can easily
see that the forgetful functor H2–discrk −→ H1–discrk preserves injectives (and in
fact takes cofree k(H2)-comodules to cofree k(H1)-comodules). Similarly, the forget-
ful functor H2–contrak −→ H1–contrak preserves projectives (and in fact takes free
k(H2)-contramodules to free k(H1)-contramodules).
Given a locally profinite group G, let us call a smooth G-module M over k weakly
compactly injective if there exists a compact open subgroup H ⊂ G such that M is
injective as an object of H–discrk. Similarly, let us call a G-contramodule P over k
weakly compactly projective if there exists a compact open subgroup H ⊂ G such
that P is projective as an object of H–contrak.
Proposition 2.3. For any locally profinite group G and a field k, the functors ΨG and
ΦG restrict to mutually inverse equivalences between the full subcategories of weakly
compactly injective objects in G–smoothk and weakly compactly projective objects in
G–contrak.
Proof. It suffices to show that for every compact open subgroup H ⊂ G the functors
ΨG and ΦG restrict to mutually inverse equivalences between the full subcategory
of smooth G-modules over k that are injective as discrete H-modules and the full
subcategory of G-contramodules over k that are projective as H-contramodules.
In view of commutativity of the diagrams (17) for G′ = H , the question reduces to
showing that the functors ΨH = ΨC and ΦH = ΦC restrict to mutually inverse equiva-
lences between the full subcategories of injective objects in H–discrk = C–comod and
projective objects in H–contrak = C–contra. The latter is a standard result about co-
modules and contramodules over a coalgebra over a field [6, Sections 0.2.6 and 5.1.3],
[10, Sections 1.2 and 3.4], [7, Sections 5.1–5.2]. Alternatively, one can apply directly
the results of [6, Sections 0.3.7 and 6.2] (see also [10, Section 3.5]). 
A smooth G-module over k is called semiprojective if it is a direct summand of
an (infinite) direct sum of copies of the smooth G-module S = k(G), or in other
words, if it is a direct summand of the smooth G-module S ⊗k V for some k-vector
space V . A G-contramodule over k is called semiinjective if it is a direct summand
of an (infinite) product of copies of the G-contramodule S∨ Pontryagin dual to the
smooth G-module S = k(G), or in other words, if it is a direct summand of the
G-contramodule Homk(S, V ) for some k-vector space V .
Semiprojective smooth G-modules over k are weakly compactly injective; in fact,
they are injective objects of H–discrk for every compact open subgroup H ⊂ G.
Semiinjective G-contramodules over k are weakly compactly projective; in fact, they
are projective objects of H–contrak for every compact open subgroup H ⊂ G.
Proposition 2.4. (a) There are enough injective objects in the abelian category
G–smoothk, and the forgetful functors G–smoothk −→ H–discrk preserve injectives,
so injectives in G–smoothk are weakly compactly injective. The functors ΨG and ΦG
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identify the full subcategory of injective objects in G–smoothk with the full subcategory
of semiinjective objects in G–contrak.
(b) There are enough projective objects in the abelian category G–contrak, and
the forgetful functors G–contrak −→ H–contrak preserve projectives, so projectives
in G–contrak are weakly compactly projective. The functors ΦG and ΨG identify
the full subcategory of projective objects in G–contrak with the full subcategory of
semiprojective objects in G–smoothk.
Proof. Follows from Proposition 2.3 and [10, Proposition 3.5] (see [13, Proposition 3.1]
for a slightly more general result). 
Introducing a k-algebra containing the group algebra k[G] and acting in all the
smooth G-modules over k is a natural thing to do (see, e. g, [5, Section 1]). In the
context of the present paper, one may also wonder about a k-algebra containing k[G]
and acting in all the G-contramodules over k. We choose the approach of computing
and working with the universal such k-algebra in both cases. It turns out that the
two answers only differ by the passage to the opposite algebra.
Let us denote by T = Homk[G](S,S)
op the opposite algebra to the k-algebra of
endomorphisms of the smooth G-module S over k (with its left G-module structure).
This means that there is a right action of T in S commuting with the left action of G.
The right action of G in S provides an injective homomorphism k[G] −→ T.
In particular, when G = H is a profinite group, T = R = C∨ = k[[H ]] is the
Pontryagin dual algebra to the coalgebra C = k(H).
Proposition 2.5. (a) The k-algebra of endomorphisms of the forgetful functor
G–smoothk −→ k–mod is naturally isomorphic to T
op.
(b) The k-algebra of endomorphisms of the forgetful functor G–contrak −→ k–mod
is naturally isomorphic to T.
Proof. First of all, we have to construct a natural right action of T in smooth
G-modules and a natural left action of T in G-contramodules over k. The most
straightforward approach would be to compute the forgetful functor simod–S =
G–smoothk −→ k–mod as the functor of semitensor product − ♦S S with the left
S-semimodule S [6, Sections 0.3.2 and 1.4.1] and the forgetful functor S–sicntr =
G–contrak −→ k–mod as the functor of semihomomorphisms SemiHomS(S,−) from
the left S-semimodule S [6, Sections 0.3.5 and 3.4.1–3.4.2]. A more roundabout ar-
gument below is based on the constructions discussed above in this paper.
Part (a): let G–smoothinjk ⊂ G–smoothk denote the full subcategory of injective
smooth G-modules and G–contrasiink ⊂ G–contrak denote the full subcategory of semi-
injective G-contramodules over k. Since there are enough injectives in G–smoothk,
the algebra of endomorphisms of the forgetful functor G–smoothk −→ k–mod is iso-
morphic to the algebra of endomorphisms of the restriction of this functor to the full
subcategory of injective objects G–smoothinjk ⊂ G–smoothk. In view of the equivalence
of categories G–smoothinjk ≃ G–contra
siin
k from Proposition 2.4(a), the latter algebra is
isomorphic to the algebra of endomorphisms of the functor of contratensor product
S ⊚k,G − : G–contra
siin
k −→ k–mod. The ring T
op of endomorphisms of the smooth
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G-module S (with its right G-module structure) acts naturally by endomorphisms of
this functor on the left.
Now consider the smooth G-module S with its left G-module structure. The group
G acts on the right by automorphisms of the object S ∈ G–smoothk. Hence any en-
domorphism of the forgetful functor G–smoothk −→ k–mod must act in the k-vector
space S by an operator commuting with the right action of G, i. e., by an operator
coming from an element of Top. It remains to show that every nonzero endomorphism
of the forgetful functor acts in S by a nonzero operator. Indeed, in view of Propo-
sition 2.4(b), S is a projective generator of the exact category of weakly compactly
injective smooth G-modules over k, which by Proposition 2.4(a) contains an injective
cogenerator of the abelian category G–smoothk.
Part (b): let G–contraprojk ⊂ G–contrak denote the full subcategory of projec-
tive G-contramodules and G–smoothsiprk ⊂ G–smoothk denote the full subcategory
of semiprojective smooth G-modules over k. Since there are enough projectives in
G–contrak, the algebra of endomorphisms of the forgetful functor G–contrak −→
k–mod is isomorphic to the algebra of endomorphisms of the restriction of this func-
tor to the full subcategory of projective objects G–contraprojk ⊂ G–contrak. In view of
the equivalence of categories G–contraprojk ≃ G–smooth
sipr
k from Proposition 2.4(b), the
latter algebra is isomorphic to the algebra of endomorphisms of the corepresentable
functor Homk[G](S,−) : G–smooth
sipr
k −→ k–mod. The latter algebra is isomorphic to
the opposite algebra to the algebra of endomophisms of the corepresenting object S
(with its left G-module structure), that is the algebra T. 
Let N be a smooth G-module and P be a left G-contramodule over k. Then for
every k-vector space V there is a natural morphism of k-vector spaces
Homk(N⊚k,G P, V ) ≃ Hom
G
k (P, Homk(N, V ))
−−→ HomT(P, Homk(N, V )) ≃ Homk(N⊗T P, V ).
This k-linear map being functorial in V , it follows that there is a natural morphism
of k-vector spaces
N⊗T P −−→ N⊚k,G P,
which is easily seen to be surjective.
Corollary 2.6. Let G be a locally profinite group with a compact open subgroup
H ⊂ G. Assume that H is a finitely generated pro-p-group and k is a field of char-
acteristic p. Then the forgetful functor G–contrak −→ T–mod is fully faithful.
Proof. This is a weaker version of Corollary 2.1, as k[G] is a subalgebra in T. 
Corollary 2.7. Let G be a locally profinite group with a compact open subgroup
H ⊂ G. Assume that H is a finitely generated pro-p-group and k is a field of char-
acteristic p. Then for any smooth G-module N and any G-contramodule P over k
the natural map N⊗T P −→ N⊚k,G P is an isomorphism.
Proof. Follows from Corollary 2.6 or Corollary 2.2. 
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We denote by ExtTop and Tor
T the conventional Ext and Tor functors over the
ring Top or T (i. e., the derived functors of Hom and tensor product computed in
the abelian categories of T-modules).
Corollary 2.8. Let G be a p-adic Lie group and k be a field of characteristic p. Then
(a) for any weakly compactly injective smooth G-module M over k one has
ExtiTop(S,M) = 0 for all i > 0;
(b) for any weakly compactly projective G-contramodule P over k one has
TorTi (S,P) = 0 for all i > 0.
Proof. The group G has a base of neighborhoods of zero formed by open subgroups
that are uniform pro-p-groups [1, Proposition 1.16, Theorem 4.2, and Theorem 8.32].
So we can fix such a subgroup H ⊂ G for which M is an injective object in H–discrk
and P is a projective object in H–contrak. Set R = k[[H ]] = C
∨ = Rop; then
R = Homk[H](C,C) is a subring in T = Homk[G](S,S)
op = Homk[H](C,S).
Furthermore, T = ΨG(S) is naturally a G-contramodule over k with its left
T-module structure induced by its G-contramodule structure. The forgetful func-
tor G–contrak −→ H–contrak takes T to a projective H-contramodule over k. By
Corollary 1.7(b), it follows that T is a flat left R-module. In view of Corollary 1.2,
the commutative diagram (17), and Proposition 2.3, we have
C⊗R T = C⊙C T = ΦH(T) = ΦG(T) ≃ S.
Now we can compute
RHomiTop(S,M) ≃ RHom
i
Top(T
op ⊗LR C, M) ≃ RHom
i
R(C,M) = 0, i > 0
by Corollary 1.7(a), and
Hi(S⊗
L
T P) = Hi((C⊗
L
R T)⊗
L
T P) = Hi(C⊗
L
R P) = 0, i > 0
by Corollary 1.7(b). 
3. Derived Equivalence
Let H be a profinite group and k be a field. The k-cohomological dimension of
H is conventionally defined as the supremum of the set of all integers i for which
there exists a discrete H-module M over k such that H i(H,M) 6= 0. Alternatively,
the k-cohomological dimension of H can be defined as the homological dimension of
the abelian category H–discrk. The k-cohomological dimension of any open subgroup
H ′ ⊂ H does not exceed that of H ; moreover, the k-cohomological dimensions of H
and H ′ coincide if H contains no elements of finite order equal to char k [17].
For any coalgebra C over k, the homological dimensions of the abelian categories
of left C-comodules, right C-comodules, and left C-contramodules are equal to each
other, as all of them are equal to the homological dimensions of the derived functors
CotorC
∗
and Coext∗C [6, Sections 0.2.2, 0.2.5, and 0.2.9], [8, Corollary 1.9.4]. In partic-
ular, the homological dimensions of the abelian categories H–discrk and H–contrak
are equal to each other (and to the k-cohomological dimension of H).
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Let us say that a locally profinite group G is locally of finite k-cohomological di-
mension n if it has a compact open subgroup H ⊂ G of finite k-cohomological
dimension n. In this case, compact open subgroups of k-cohomological dimension n
form a base of neighborhoods of zero in G.
In particular, a p-adic Lie group G is locally of finite k-cohomological dimension
for any field k. Specifically, in the unnatural characteristic char k 6= p one has n = 0,
and in the natural characteristic char k = p the local k-cohomological dimension n is
equal to the dimension of the group.
Theorem 3.1. Let k be a field and G be a locally profinite group locally of finite
k-cohomological dimension. Then for any derived category symbol ⋆ = b, +, −, or ∅
there is a natural triangulated equivalence between the derived categories of smooth
G-modules and G-contramodules over k,
(18) RΨG : D
⋆(G–smoothk) ≃ D
⋆(G–contrak) :LΦG
provided by the derived functors of the adjoint functors (15) and (16).
Proof. Denote by G–smoothwcink ⊂ G–smoothk the full subcategory of weakly com-
pactly injective smooth G-modules and by G–contrawcprk ⊂ G–smoothk the full sub-
category of weakly compactly projective G-contramodules over k.
The full subcategoryG–smoothwcink is closed under the cokernels of monomorphisms,
extensions, and direct summands in the abelian category G–smoothk; and every ob-
ject of G–smoothk is a subobject of an object from G–smooth
wcin
k . In other words,
G–smoothwcink is a coresolving subcategory in G–smoothk. In particular, as a full sub-
category closed under extensions, the category G–smoothwcink inherits a Quillen exact
category structure from the abelian category G–smoothk.
Similarly, the full subcategory G–contrawcprk is closed under the kernels of epimor-
phisms, extensions, and direct summands in the abelian category G–contrak; and
every object of G–contrak is a quotient object of an object from G–contra
wcpr
k . In
other words, G–contrawcprk is a resolving subcategory in G–contrak. In particular, the
full subcategory G–contrawcprk inherits an exact category structure from the ambient
abelian category G–contrak.
The result of Proposition 2.3 provides an equivalence between the two exact cate-
gories G–smoothwcink and G–contra
wcpr
k . All of these assertions do not yet depend on
the locally finite k-cohomological dimension assumption.
When the group G is locally of finite k-cohomological dimension n, every smooth
G-module over k has a finite right resolution of length ≤ n by modules from
G–smoothwcink , and every G-contramodule over k has a finite left resolution of
length ≤ n by contramodules from G–contrawcprk . In other words, one can say that
the weakly compactly injective dimension of any smooth G-module over k does not
exceed n, and the weakly compactly projective dimension of any G-contramodule
over k does not exceed n.
Applying the result of [9, Proposition A.5.6] and the assertion dual to it (see also [4,
§§ I.5 and I.7]), we obtain triangulated equivalences
D⋆(G–smoothk) ≃ D
⋆(G–smoothwcink ) ≃ D
⋆(G–contrawcprk ) ≃ D
⋆(G–contrak).
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In other words, one can say that the (mutually inverse) derived functors RΨ and
LΦ providing the desired triangulated equivalence are constructed using resolutions
of compexes of smooth G-modules and complexes of G-contramodules by arbitrary
complexes of weakly compactly injective smooth G-modules and weakly compactly
projective G-contramodules over k. 
In conclusion, let us restate the simplified descriptions of some elements of the
picture of Theorem 3.1 provided by some results of Section 2.
The functor ΨG : G–smoothk −→ G–contrak is always simply ΨG : M 7−→
Homk[G](S,M), where S = k(G) is the smooth G × G-module of compactly
supported locally constant k-valued functions on G.
The functor ΦG : G–contrak −→ G–smoothk is, generally speaking, defined as the
contratensor product ΦG : P 7−→ S ⊚k,G P. However, when the group G has a
compact open subgroup H which is a finitely generated pro-p-group, and k is a field
of characteristic p, the contratensor product does not differ from the conventional
tensor product, ΦG : P 7−→ S ⊗k[G] P (see Corollary 2.2). In particular, this is
applicable to any p-adic Lie group G.
When G is a p-adic Lie group, the derived functor RΨG can be computed as the
conventional RHom over the ring Top,
RΨG : M
• 7−→ RHomTop(S,M
•),
and the derived functor LΦG can be computed as the conventional derived tensor
product over the ring T,
LΦG : P
• 7−→ S⊗LT P
•.
This follows essentially from Corollary 2.8.
References
[1] J. D. Dixon, M. P. F. du Sautoy, A. Mann, D. Segal. Analytic pro-p groups. Second edition.
Cambridge Studies in Advanced Mathematics, 61. Cambridge University Press, 1999–2003.
[2] L. Fiorot, F. Mattiello, M. Saor´ın. Derived equivalence induced by nonclassical tilting objects.
Proceedings of the American Math. Society 145, #4, p. 1505–1514, 2017. arXiv:1511.06148
[math.RT]
[3] K. R. Goodearl, R. B. Warfield. An introduction to noncommutative Noetherian rings. Second
edition. London Mathematical Society Student Texts, 61. Cambridge University Press, 2004.
[4] R. Hartshorne. Residues and duality. Lecture Notes in Math. 20, Springer, 1966.
[5] J. Kohlhaase. Smooth duality in natural characteristic. Preprint, 2015. Available from the
author’s homepage at http://www.esaga.uni-due.de/jan.kohlhaase/publications/.
[6] L. Positselski. Homological algebra of semimodules and semicontramodules: Semi-infinite
homological algebra of associative algebraic structures. Appendix C in collaboration with
D. Rumynin; Appendix D in collaboration with S. Arkhipov. Monografie Matematyczne vol. 70,
Birkha¨user/Springer Basel, 2010. xxiv+349 pp. arXiv:0708.3398 [math.CT]
[7] L. Positselski. Two kinds of derived categories, Koszul duality, and comodule-contramodule
correspondence. Memoirs of the American Math. Society 212, #996, 2011. vi+133 pp.
arXiv:0905.2621 [math.CT]
[8] L. Positselski. Weakly curved A∞-algebras over a topological local ring. Electronic preprint
arXiv:1202.2697 [math.CT].
27
[9] L. Positselski. Contraherent cosheaves. Electronic preprint arXiv:1209.2995 [math.CT].
[10] L. Positselski. Contramodules. Electronic preprint arXiv:1503.00991 [math.CT].
[11] L. Positselski. Koszulity of cohomology = K(pi, 1)-ness + quasi-formality. Journ. of Algebra
483, p. 188–229, 2017. arXiv:1507.04691 [math.KT]
[12] L. Positselski. Triangulated Matlis equivalence. Electronic preprint arXiv:1605.08018
[math.CT], to appear in Journ. of Algebra and its Appl.
[13] L. Positselski. Dedualizing complexes of bicomodules and MGM duality over coalgebras. Elec-
tronic preprint arXiv:1607.03066 [math.CT].
[14] L. Positselski, J. Sˇt’ov´ıcˇek. Tilting-cotilting correspondence. In preparation.
[15] L. Positselski, A. Vishik. Koszul duality and Galois cohomology.Math. Research Letters 2, #6,
p. 771–781, 1995. arXiv:alg-geom/9507010
[16] P. Schneider. Smooth representations and Hecke modules in characteristic p. Pacific Journ. of
Math. 279, #1–2, p. 447–464, 2015.
[17] J.-P. Serre. Sur la dimension cohomologique des groupes profinis. Topology 3, #4, p. 413–420,
1965.
[18] M. E. Sweedler. Hopf algebras. Mathematics Lecture Note Series, W. A. Benjamin, Inc., New
York, 1969.
Department of Mathematics, Faculty of Natural Sciences, University of Haifa,
Mount Carmel, Haifa 31905, Israel; and
Laboratory of Algebraic Geometry, National Research University Higher School
of Economics, Moscow 119048; and
Sector of Algebra and Number Theory, Institute for Information Transmission
Problems, Moscow 127051, Russia; and
Charles University, Faculty of Mathematics and Physics, Department of Algebra,
Sokolovska´ 83, 186 75 Prague 8, Czech Republic
E-mail address : posic@mccme.ru
28
